
T H E  D I S T R I B U T I O N  O F  T A N G E N T I A L  S T R E S S E S  I N  

A N  I N C O M P R E S S I B L E  T U R B U L E N T  B O U N D A R Y  L A Y E R  

P.  N. R o m a n e n k o  a n d  V. G. K a l m y k o v  UDC 532.517.4 

We invest igate  an i so the rma l  turbulent  boundary layer  with posi t ive p r e s s u r e  gradient .  
We obtain resu l t s  on the dis tr ibut ion of tangential  s t r e s s e s  in the layer  w h i c h a r e a p p r o x i -  
mated by a s imple  computat ion equation. 

It was shown in [1-3] that the f ami l i a r  s e m i e m p i r i c a l  methods of calculat ing the c h a r a c t e r i s t i c s  of 
the turbulent flow of an incompress ib l e  liquid when there  is a posit ive p r e s s u r e  gradient  give cont rad ic tory  
r e su l t s  and ag ree  poorly with the r e su l t s  of m e a s u r e m e n t s  obtained by using the mos t  highly developed 
modern  measur ing  appara tus .  This is explained by the fact  that the present  computat ional  methods a r e  
based on l imited exper imenta l  ma te r ia l .  Obtaining exper imenta l  data which is re l iab le  in the s t ruc tu re  
and the outlet ch a r ac t e r i s t i c s  of turbulent  flow involves grea t  technical  difficulties in measur ing  the initial  
quanti t ies,  p rocess ing  the r e su l t s  and genera l iz ing  them. 

In a well-known exper imenta l  paper  Schubauer and Klebanoff [4] studied the turbulent  boundary layer  
with a la rge  model  of the profi le  in a closed c i rcui t  wind tunnel. Exper iments  were  ca r r i ed  out at  a R e y -  
nolds number  in the incident flow of Re 0 = 18,700, increas ing  along the contour of the profi le to 77,000. 
All th ree  components  of the turbulent  intensi ty and the co r re la t ion  between two components of the fluctuating 
veloci ty  at a point and between these  components  a t  different  points were  measured .  The exper imenta l  r e -  
sul ts  of this essen t ia l ly  unique paper  have been used by many authors  to develop methods for  calculat ing the 
turbulent  boundary layer  and compar ing  the resu l t s  of s e m i e m p i r i c a l  methods with exper iment .  But the 
l imita t ion of the m e a s u r e m e n t s  in these  exper iments  to one Reynolds number  for  the incident flow and one 
law for  the va r ia t ion  of the p r e s s u r e  gradient  makes  it difficult to es tab l i sh  a re la t ion  between the tangential  
and the normal  s t r e s s e s  and the a v e r a g e  c h a r a c t e r i s t i c s  of the flow. And without es tabl ishing a c lea r  
physical  bas is  for  this re la t ion  it is  imposs ib le  to develop a deep understanding of the s t ruc tu re  of the 
turbulence which is the mos t  impor tan t  p re requ i s i t e  for  construct ing a valid theory  and re l iable  methods 
of calculating the turbulent  boundary layer .  In flows with a posit ive p r e s s u r e  gradient  the effect  of the 
normal  s t r e s s e s  on the s t ruc tu re  of the boundary l ayer  and i ts  cha r ac t e r i s t i c s  has no less  value than the 
effect  of the tangential  s t r e s s e s .  As boundary layer  breakaway is approached,  the effect  of the normal  
s t r e s s e s  becomes  definitive. 

For  the future development  of the theory  and methods of calculating the turbulent  boundary layer  of 
a liquid it is n e c e s s a r y  to accumula te  exper imenta l  data obtained using modern  l abo ra to ry  appara tus .  

In this paper  we inves t igate  an i so the rma l  boundary layer  in an a i r  flow in a x i s y m m e t r i c  and plane 
diffusors.  The invest igat ions were  ca r r i ed  but in an open working sect ion wind tunnel. The a i r  veloci ty  was 
smoothly  controlled by two baffle plates.  The exper iments  embraced  a range of Reynolds numbers  a t  the 
diffusor  inlets  f r o m  48,500 to 202,000 (Table 1). 

The a x i s y m m e t r i c  di f fusors  had: inlet d i ame te r  100 mm,  length 500 mm,  ape r tu r e  angle 8 to 10 ~ 
The control  c ro s s  sect ions a t  which the required  va r i ab les  were  measu red  were  at  the following dis tances  
f r o m  the inlet  c ro s s  section: 0, 30, 75, 135, 202, 280, and 360 mm.  

The working sect ion of the plane rec tangu la r  diffusor  with inlet c ro s s  sect ion 40 x 180 m m  was of 
length 174 ram. The upper and lower walls were  movable ,  which made it  possible  to change the ape r tu r e  
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T A B L E  1. R e y n o l d s  N u m b e r s  a t  the  In le t  Sec t i ons  of the 
D i f f u s o r s  

Axis mmetric diffusor Plane diffusor 

aperture 
angle, de~ 

10 

Reynolds notation for 
~oints in 

number Fig. I 

l 48500 
135500 

200000 

52700 

145700 

202000 

aperture 
angle, deg 

l0 

12 

14 

}notation for Reynolds Ipoints in 
number I Fig.., 1 . . . .  

7 58200 

57600 

58800 

ang le .  The e x p e r i m e n t s  w e r e  c a r r i e d  out a t  a p e r t u r e  a n g l e s  of 10, 12, and 14 ~ In a l l  c a s e s  the  v a r i a b l e s  
w e r e  m e a s u r e d  a t  c r o s s  s e c t i o n s  a t  d i s t a n c e s  of 0, 30, 60, 90, 130, and 170 m m  f r o m  the i n l e t  c r o s s  
s ec t ion .  

At  each  s e c t i o n  the m e a n  v e l o c i t y  p r o f i l e ,  the i n t e n s i t y  of the t u r b u l e n c e  of the  long i tud ina l  and n o r m a l  
v e l o c i t y  c o m p o n e n t s ,  the p r o f i l e  of the  t u r b u l e n t  t a nge n t i a l  s t r e s s ,  and the c o r r e l a t i o n  be tw e e n  the l o n g i -  
tud ina l  and n o r m a l  f l uc tua t i ons  of the v e l o c i t y  a t  a point  w e r e  m e a s u r e d .  

The  m e a s u r e m e n t s  w e r e  m a d e  wi th  an  e l e c t r o t h e r m a l  a n e m o m e t e r  of type  U T A - 5 B ,  a d e t a i l e d  d e -  
s c r i p t i o n  of which is contained in [5]. The sensitive element of this instrument was a tungsten thread of 
diameter ii p. The length of the thread was established from the recommendation of [6, 7]. The electro- 
thermomoanemometer transducers were calibrated from the readings of a Pitot tube attached to a micro- 
manometer of type MMN. Two forms of transducer were used: with thread, perpendicular to the axis of the 
transducer and with thread at an angle of u/4 to the axis of the transducer. The transducer could be in- 
serted in a plug in two positions differing by an angle of ~ = ~ with respect to the longitudinal axis. The 
length of the transducer was 300 mm; its body was a stainless steel tube of external diameter 4 ram. The 
tapered rods to which the thread was fixed were of stainless steel. They were of diameter I mm at the base 
and stood out from the transducer body a distance of 12 ram. The distance between the rods where the 
thread was attached was 2 ram. 

A transducer of the first type was used to measure the mean velocity of the flow and the intensity of 
the turbulence of the longitudinaI velocity component; a transducer of the second type was used to measure 
the mean velocity of the flow and the turbulent tangential stress. From the measurements made with the 
two transducers the intensity of the turbulence of the normal velocity component was calculated. 

By generalizing the experimental results on the turbulent tangential stresses we can obtain reliable 
approximations for the distribution of the tangential stress in the boundary layer in flows with a positive 
pressure gradient. 

Fedyaevskii [8] represented the distribution of the tangential stress ~-(~?) in the boundary layer as a 
fourth degree polynomial in powers of ~7 = y/5. To determine the unknown constants in this polynomial he 
used the following boundary conditions from the momentum equation for a boundary layer: 

Oz du~ 0 ~ T 
"~--Tw; --  pu 16 �9 - - 0  for ~1= 0, 

arl dx ' a~l 2 (1) 

aT 
T = - - ~ 0  for ~ = 1 .  

0q 

w h e r e  

The  t angen t i a l  s t r e s s  d i s t r i b u t i o n  s a t i s f y i n g  (1) has  the  f o r m  

% ( 1 - - 4 q  a§  a) 5 du 1 , ~  - -  pu~ "1 dx (~ - -  3~13 @ 2rl')' 

6 dtt 1 5 dp 

u t dx pu~ dx 

(2) 
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Fig .  1. D i s t r i b u t i o n  of the  t a n g e n t i a l  s t r e s s e s  a t  c r o s s  s e c -  
t ions  of the  b o u n d a r y  l a y e r  fo r  v a r i o u s  v a l u e s  of the  f o r m  
p a r a m e t e r  H f r o m  the da ta  of [5] [a) t t  = 1 .5 -1 .53 ;  b) H = 1 .73 -  
1.75; c) H = 1 .92-1 .98] .  F o r  the  v a l u e s  of the  po in ts  1 -9  cf. 
T a b l e  1, of poin t s  10, el .  [4]; po in t s  1 -10  a r e  a l s o  used  in  
F i g s .  2 and 3. 

C o m p a r i s o n  of the  d i s t r i b u t i o n  1-(x) compu ted  f r o m  (2) wi th  e x p e r i m e n t  u s ing  the r e s u l t s  of [4] r e -  
v e a l s  a l a r g e  d i s c r e p a n c y .  We s e e  th i s  in  F ig .  4,  in  which  we c o m p a r e  the  c o m p u t e d  v a l u e s  of the  t a n g e n t i a l  
s t r e s s  wi th  i t s  e x p e r i m e n t a l  v a l u e s  f r o m  the da ta  of [4] a t  t h r e e  c r o s s  s e c t i o n s  of the  b o u n d a r y  l a y e r :  b e -  
f o r e  the  s t a r t  of the  f low wi th  a lp /dx  > 0 (5.3 m m ) ,  b e f o r e  d e t a c h m e n t  of the  b o u n d a r y l a y e r  (7.6 mm) and a t  an  
i n t e r m e d i a t e  c r o s s  s e c t i o n  (6.86 ram).  At  the  s econd  and t h i r d  c r o s s  s e c t i o n s  of the  b o u n d a r y  l a y e r  (25/u l )  
�9 (du t /dx)  i s  a l m o s t  the s a m e ,  but  the  f o r m  p a r a m e t e r  H a t  the t h i r d  c r o s s  s e c t i o n  i s  much  g r e a t e r  than  a t  
the  second .  We s e e  tha t  the  t a n g e n t i a l  s t r e s s  d i s t r i b u t i o n s  a r e  s i g n i f i c a n t l y  d i f f e r e n t  a t  t h e s e  c r o s s  s e c -  
t ions .  Our  e x p e r i m e n t a l  r e s u l t s  a l s o  i n d i c a t e  the  r e l a t i o n  b e t w e e n  the t a nge n t i a l  s t r e s s  d i s t r i b u t i o n  in the  
l a y e r  and the f o r m  p a r a m e t e r  H. F i g u r e  1 shows  the d i s t r i b u t i o n  of ~ ' / (pu~/2)  fo r  t h r e e  v a l u e s  of H. The  
t a n g e n t i a l  s t r e s s  has  d i f f e r e n t  v a l u e s  a t  c r o s s  s e c t i o n s  wi th  p r a c t i c a l l y  the  s a m e  va iue  of ( 2 5 / u l ) ( d u l / d x  ). 
F o r  e x a m p l e ,  in  an  a x i s y m m e t r i c  d i f fu so r  wi th  a p e r t u r e  ang le  of 8 ~ and a R e y n o l d s  n u m b e r  of 4.85" 104 
in the i nc iden t  f low we have:  

25 dut  
for H = 1,51 

u~ dx 

for H = 1.75 

fo~ H = 1 .98  

"g 

0.0326; - -  = 4.3.10-3; 
I 2 
~Oui 

28 du~ --_ _ 0.0298; ~ = 5-10"-3; 
u~ dx 1 

y p u i  

25 dul = - - 0 . 0 3 2 4 ;  - - ~  = 10.10 -3 . 
u 1 dx  1 

In a p lane  d i f f u s o r  wi th  an  a p e r t u r e  ang le  of 12 ~ and a R e y n o l d s  n u m b e r  of 5.76 �9 104 in the i n c i d e n t  
fLow we obtain:  

for H = 1,73 25 du t _ 0.0502; ~ = 6.18.10 -3 
u 1 dx 1 - ~  pu, 

for H = 1.90 - - . - - = 2 8  du 1 --0.0554; ~ 10.64.10 -a. 
u I dx 1 o 

~ -pu i  
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Fig.  2. Graph  of the funct ion fi (a) [1) f r o m  Eq. (5); 2) f r o m  
(2)] and the funct ion  f2 (b) (the notat ion fo r  the points is a s  in 
Fig.  i). 
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Graph of the funct ion f3 (the notat ion for  the 
points is as  in Fig.  1). 

3. 

Evident ly ,  Eq. (2) can  be made  m o r e  p r e c i s e  if we take into account  the r e l a t ion  between ~- and H. 
This  can be done on the bas i s  of the expe r imen ta l  r e s u l t s  obtained in our  paper  by wr i t ing  (2) as  

�9 . ~ 0 d u  1 
pu~ - ~ fl (~) h (,1) f~ (H), (3) 

u 1 d x  

where  fl (~) is a funct ion defining the tangent ia l  s t r e s s  d i s t r ibu t ion  in the absence  of a p r e s s u r e  gradient ;  
f2(~) is  a funct ion e x p r e s s i n g  the tangent la t  s t r e s s  d i s t r ibu t ion  fo r  f ixed val(~es of the 9ressu.re  g rad ien t  
( 0 /u l ) (du l / d •  and the f a r m  p a r a m e t e r  l-t; f~(H) is a funct ion  taking account  of the e f fec t  of the f o r m  p a r a m -  
e te r  on the tangent ia l  s t r e s s  d is t r ibut ion .  

In Eq. (3) we have in t roduced  the m o m e n t u m  th ickness  0 ins tead of the boundary  l aye r  th ickness  6 
in Eq. (2), s ince  0 can be de t e rmined  m o r e  exac t ly  than 5. 

We es tab l i shed  the f o r m s  of the funct ions  fl (V), f2 (~), and f~ (H) by app rox ima t ing  the expe r imen ta l  
r e s u l t s  obtained by s tudying the boundary  l a y e r  in a x i s y m m e t r i c  and plane d i f fusors .  

F i g u r e  2a shows the tangent ia l  s t r e s s  d i s t r ibu t ion  at  ini t ial  c r o s s  sec t ions  of d i f fusors  f r o m  the r e -  
sul ts  of m e a s u r e m e n t s .  The p r e s s u r e  g rad ien t  of these  c r o s s  sec t ions  was  c lose  to ze ro ;  the value  of R 
was  found to be 1.33~ the f r i c t ion  coeff ic ient  was de t e rmined  f r o m  the f a m i t i a r  L u d w i e g - T i l l m a n n  equat ion  

. . . . . .  lO (4) C; 

The m e a s u r e d  tangent ia l  s t r e s s  in the boundary  l a y e r  is well  app rox ima ted  by the equat ion 

f~ (~]) = 1 - -  2 ,1q  1,1 ~- 1,1~l 2,1, (5)  

sa t i s fy ing  the boundary  condi t ions:  f1(0) = 1; f~(0) = 0; fl(1) = 0; f~(1) = 0 (priInes denote  d i f fe ren t ia t ion  with 
r e s p e c t  to ~). F~gure 2a a l s o  shows a cu rve  cons t ruc t ed  f r o m  (2). To d e t e r m i n e  the f o r m  of the funct ion 
f2 (V) f r o m  the r e s u l t s  of the m e a s u r e m e n t s  we cons t ruc t ed  a g r aph  of the ra t io  of the local  tangent ia l  s t r e s s  
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Fig. 4. Tangent ia l  s t r e s s  d i s t r ibu t ions  at  c r o s s  sec t ions  of 
the boundary  layer :  a) at  the s t a r t  of the flow d p l d x  _> 0 tx 
= 5.3 ram, cf = 0.00207; (26 /u l ) (du t /dx)  = 0, H = 1.35); b) at  
an  i n t e rmed ia t e  c r o s s  sec t ion  ix = 6.86 mm,  cf = 0.00115; (28 
/ u l ) i d u l / d x )  = - 0 . 0 3 9 1 ;  H = 1.60); c) nea r  b r eakaway  ix = 7.6 
mm,  cf = 0.00038; ( 25 /u l ) (du l / dx  ) = - 0 . 0 3 9 5 ;  H = 2.22); 1) 
f r o m  (3); 2) f r o m  (2). 

T to the m a x i m u m  value  ~max at  the given c r o s s  sec t ion  as  a funct ion of the nondimens iona l  coord ina te  7l. 
The g raph  shows T / ~ m a x  for  al l  va lues  of the boundary  l a y e r  when H > 1.5. F r o m  this cons t ruc t i on  it 
a p p e a r s  that the expe r imen ta l  va lues  of T / ~ m a x  a t  sec t ions  with d i f ferent  p r e s s u r e  g rad ien t s  and f o r m  
p a r a m e t e r s  H in the r ange  of Reynolds  n u m b e r s  cons ide red  l ie on a cu rve  with a m a x i m u m  at 77 ~ 0.3 (Fig. 
2b), with an accep tab le  s ca t t e r .  The cu rve  f2(v) sa t i s fy ing  the boundary  condi t ions:  f2(0) = 0; f2(1) = 0; 
f~(1) = 0; f2(0.3) -- 1; f~(0.3) = 0 ip r imes  denote d i f fe ren t ia t ion  with r e s p e c t  to 77) is g iven by the equat ion 

f2(~l) 20 100 -- - - -  rl~ for 0 <~ r I .-~.. 0.3, 
3 9 

[2(q) = 11.69(1--rl) 3 -  12.53 (1- -  ~1) a for 0.3 ..~l ...s1. 

The funct ion f3(H) can be e x p r e s s e d  by r ewr i t i ng  Eq. (3) and noting that  when H > 1.5, f2(0.3) = 1: 

(6) 

T, 

1 - ] 
1 / -2-pUl 
vL --CN 

u~ dx 

(7) 

The g raph  of f3(H) is given in Fig.  3. In cons t ruc t ing  the g raph  the f r i c t ion  coef f ic ien ts  was  d e t e r -  
mined f r o m  (4). All  the o ther  v a r i a b l e s  on the r igh t  s ide of (7) w e r e  obtained at  each c r o s s  sec t ion  of the 
boundary  l aye r  f o r  the app rop r i a t e  value of H f r o m  the r e s u l t s  of the m e a s u r e m e n t s .  We see  that  the ex -  
pe r imen ta l  points  a r e  well  grouped about  the cu rve  which  can be desc r ibed  by the equat ion 

H - -  1,33 
f3 (H) = - 0.25// ' (8) 

where  1.33 is the value  of H when the ve loc i ty  d i s t r ibu t ion  fol lows a power law with exponent 1 / 6 .  

F igu re  3 a l so  shows the expe r imen ta l  points f r o m  [4]. When H < 1.5 they  lie above the approx ima t ing  
curve ,  which,  ev ident ly  is explained by the sma l l  va lues  of ( 0 / u l ) ( d u l / d x  ) in that  r eg ion  of H. 

C o m p a r i s o n  of the computed  tangent ia l  s t r e s s  d is t r ibut ion ,  us ing Eqs.  (2) and (3) with the e x p e r i -  
menta l  d i s t r ibu t ions  f r o m  [4] is made  in Fig. 4 for  th ree  c r o s s  sec t ions  of the boundary  l ayer  with posi t ive  
p r e s s u r e  gradient .  A s igni f icant  d ive rgence  between the computa t ional  r e s u l t s  using Eq. (3) and the ex -  
pe r imen ta l  r e s u l t s  is obse rved  at  the point whe re  the posi t ive p r e s s u r e  g rad ien t  begins,  where  the f i r s t  
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t e r m  on the r i g h t  s i de  of Eq. (3) (for H = 1.35, ( 0 / u i ) ( d u l / d x )  ~ 0) m a k e s  a s i g n i f i c a n t  c o n t r i b u t i o n  to ~-. 
The  va lue  of 2T/pu~ fo r  th is  c r o s s  s ec t i on ,  computed  f r o m  (4) us ing  e x p e r i m e n t a l  v a l u e s  of H and Re 0 f r o m  
[4] i s  a l m o s t  half  the c o r r e s p o n d i n g  e x p e r i m e n t a l  va lue  of the t a nge n t i a l  s t r e s s  ob ta ined  by  the a u t h o r s  [4] 
f r o m  d i r e c t  m e a s u r e m e n t .  F o r  e x a m p l e ,  when Re 0 = 18,700, H = 1.35, f r o m  (4) the  f r i c t i o n  coe f f i c i en t  
i s  2.13 • 10 -3, whi le  f r o m  d i r e c t  m e a s u r e m e n t s  i t  i s  (3.3-3.7) • 10 -3. Thus we can  conc lude  tha t  the  e x p e r i -  
m e n t a l  poin ts  in  F ig .  4 y i e ld  an  o v e r e s t i m a t e  of the  t a nge n t i a l  s t r e s s  d i s t r i b u t i o n .  

A t  an  i n t e r m e d i a t e  c r o s s  s e c t i o n  (6.86 mm) good a g r e e m e n t  was  o b s e r v e d  be tween  the computed  and 
e x p e r i m e n t a l  v a l u e s  of ~. At  a t h i rd  c r o s s  s e c t i o n  (7.6 ram) the compu ted  c u r v e  d i v e r g e s  f r o m  the e x p e r i -  
m e n t a l  po in ts  in  the u p p e r  le f t  p a r t  of the  g raph .  But,  a s  a n a l y s i s  of the  r e s u l t s  of [4] shows ,  the  e x p e r i -  
m e n t a l  po in t s  of Schubaue r  and Klebanoff  g ive  a m a x i m u m  va lue  of the t a n g e n t i a l  s t r e s s  which  m o v e s  in  the  
d i r e c t i o n  of l a r g e r  v a l u e s  of ~1 a s  the  b o u n d a r y  l a y e r  d e v e l o p s .  As  H v a r i e s  f r o m  1.6 to 2.39, the  va lue  of 
the  c o o r d i n a t e  ~1 a t  which  ~ / ( p u ~ / 2 )  has  i t s  m a x i m u m  v a r i e s  f r o m  0.15 to 0.4. At  a c r o s s  s e c t i o n  7.6 m m  f r o m  
the  s t a r t  of the  m o t i o n  wi th  d p / d x  > 0, the  m a x i m u m  of l"/(pu~/2) o c c u r s  fo r  ~1 = 0.4. A m o v e m e n t  of the  
m a x i m u m  is  d i f f i cu l t  to j u s t i f y  p h y s i c a l l y .  The  m a x i m u m  t a nge n t i a l  s t r e s s ,  c a l c u l a t e d  f r o m  (3) for  a l l  H 
> 1.5, i s  a t  ~? = 0.3. F e d y a e v s k i i  [8] gave  a func t ion  f2 which  has  a m a x i m u m  at  71 = 0.4. Hence  t h e r e  is  
s o m e  d i s a g r e e m e n t  be tween  the l e f t  p a r t  of the  c u r v e  and the e x p e r i m e n t a l  points .  The  r i g h t  p a r t  g ives  
good a g r e e m e n t  wi th  e x p e r i m e n t .  

x i s  the  
y i s  the  
u 1 i s  the  
c r = ~ ' / (pu2/2)  i s  the  
5 i s  the  
6" i s  the  
0 i s  the 
H = 5 " / 0  i s  the  
R e  0 i s  the  
v is the 

N O T A T I O N  

d i s t a n c e  a long  the d i f f u s o r  a x i s ,  m e a s u r e d  in  the d i r e c t i o n  of the  f low, m m ;  
d i s t a n c e  a long  the n o r m a l  to the  d i f f u s o r  a x i s ,  m e a s u r e d  f r o m  the s u r f a c e ,  ram;  
m e a n  v e l o c i t y  a t  the  edge  of the b o u n d a r y  l a y e r ,  m / s e c ;  
t u r b u l e n t  f r i c t i o n  s t r e s s ;  
b o u n d a r y  l a y e r  t h i c k n e s s ;  
d i s p l a c e m e n t  t h i c k n e s s ;  
m o m e n t u m  t h i c k n e s s ;  
f o r m  p a r a m e t e r  of the  v e l o c i t y  p r o f i l e  in  the b o u n d a r y  l a y e r ;  
R e y n o l d s  n u m b e r  c o m p u t e d  f r o m  the m o m e n t u m  t h i c k n e s s ;  
k i n e m a t i c  v i s c o s i t y ,  m 2 / s e c .  
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